ABSTRACT. We provide a very general approach to placing model structures and semi-model structures on algebras over symmetric colored operads. Our results require minimal hypotheses on the underlying model category M, and these hypotheses vary depending on what is known about the colored operads in question. We obtain results for the classes of colored operad which are cofibrant as a symmetric collection, entrywise cofibrant, or arbitrary. As the hypothesis on the operad is weakened, the hypotheses on M must be strengthened. Via a careful development of the categorical algebra of colored operads we provide a unified framework which allows us to build (semi-)model structures for all three of these classes of colored operads. We then apply these results to provide conditions on M, on the colored operad O, and on a class C of morphisms in M so that the left Bousfield localization of M with respect to C preserves O-algebras.
INTRODUCTION
Modern algebraic topology has conclusively demonstrated the value of applying algebraic techniques to solve problems in homotopy theory. This has led to numerous results in stable homotopy theory (e.g. [EKMM97] ) and, thanks to the generality of model categories, to homological algebra, algebraic geometry, (higher) 1 category theory, equivariant homotopy theory, and even graph theory. Operads provide the means by which to encode algebraic structure in the necessary level of generality to recover all these examples, and operads have also found application in deformation theory and mathematical physics, in representation theory, in gauge theory and symplectic geometry, in graph cohomology, and in Goodwillie calculus. For a comprehensive overview, see [Fre09] .
In recent years, the importance of colored operads has become clear, e.g. in [BM07] , [YJ15] , and [BB13] . Colored operads encode even more general algebraic structures, including the category of operads itself, other categories which encode algebraic structure (e.g. modular operads, higher operads, colored operads), morphisms between algebras over an operad, modules over an operad, other enriched categories, and diagrams in such categories. Colored operads have been applied in enriched category theory, factorization homology, higher category theory (leading to ∞-operads), and topological quantum field theories.
When studying operads and their algebras it is often advantageous to have model structures on these categories of algebras. For instance, in [Whi14c] a theory is developed which obtains conditions under which left Bousfield localization preserves algebra structure when such categories of algebras possess appropriate (semi-)model structures. Such structures provide a powerful computational tool which has been crucial in many of the applications above. Our goal is to build (semi-)model structures on algebras over colored operads in the maximal possible generality, i.e., with as few hypotheses on the underlying model category as possible. For this reason we divide our focus between colored operads which are cofibrant, entrywise cofibrant, and arbitrary. We provide hypotheses under which these categories of algebras are model categories, and we provide weaker hypotheses so that they are semi-model categories, extending results of [Whi14c] to the colored setting. We then apply these semi-model structures to prove results regarding preservation of algebraic structure by Bousfield localization.
After reviewing the necessary definitions and notation in Section 2, we provide a careful development of the categorical algebra underlying the study of colored operads. This includes realizing the category of colored operads as a category of monoids for a particular monoidal product (which generalizes the circle product for operads) in Section 3, building the category of algebras over a colored operad in this setting, and producing a filtration (4.3.20) in Section 4 which can be used to transfer model structures to categories of algebras. This filtration generalizes the one found in [Har10b] and introduces a colored analogue for the symmetric sequence O A used therein. Filtrations of this sort have been studied by many authors in the setting of operads, but a careful treatment for the case of colored operads has not previously appeared.
In Section 5 we prove various homotopical properties for the colored symmetric sequence O A , and in Section 6 we use our filtration to place model structures (and semi-model structures when hypotheses are relaxed) on categories of algebras over various classes of colored operads. Finally, in Section 7 we build on the work in [Whi14b] and provide general conditions so that left Bousfield localization preserves algebras over colored operads. We predict that this work will admit numerous applications, including to ongoing research in stable homotopy theory, equivariant stable homotopy theory ( [BH] , [HH14] , [Ked15] ) higher category theory and the Baez-Dolan Stabilization Hypothesis [BB13] , Deligne's Conjecture in more general settings [MS02] , and motivic homotopy theory [GRSO] , among other places.
PRELIMINARIES
In this paper, (M, ⊗, I, Hom) will be a symmetric monoidal closed category with ⊗-unit I and internal hom Hom. We assume M has all small limits and colimits. Its initial and terminal objects are denoted by ∅ and * , respectively.
At times we will also assume M possesses a model structure that is compatible with the monoidal structure in a way we shall describe shortly. We will make it clear when we are assuming M is a model category; much of the categorical algebra in this paper will not require a model structure on M.
Monoidal Model Categories.
We assume the reader is familiar with basic facts about model categories as presented in [Hir03] and [Hov99] . When we work with model categories they will most often be cofibrantly generated, i.e., there is a set I of cofibrations and a set J of trivial cofibrations (i.e. maps which are both cofibrations and weak equivalences) which permit the small object argument (with respect to some cardinal κ), and a map is a (trivial) fibration if and only if it satisfies the right lifting property with respect to all maps in J (resp. I). This set I is not to be confused with the monoidal unit, and the meaning of I will be easy to infer from the context. Let I-cell denote the class of transfinite compositions of pushouts of maps in I, and let I-cof denote retracts of such. In order to run the small object argument, we will assume the domains K of the maps in I (and J) are κ-small relative to I-cell (resp. J-cell), i.e., given a regular cardinal λ ≥ κ and any λ-sequence X 0 → X 1 → ⋯ formed of maps X β → X β+1 in I-cell, then the map of sets
is a bijection. An object is small if there is some κ for which it is κ-small. See Chapter 10 of [Hir03] for a more thorough treatment of this material.
We must now discuss the interplay between the monoidal structure and the model structure which we will require in this paper. This definition is taken from 3.1 in [SS00] .
Definition 2.1.1 (Monoidal Model Categories). A symmetric monoidal closed category M equipped with a model structure is called a monoidal model category if it satisfies the following axiom (known as the pushout product axiom):
• Given any cofibrations f ∶ X 0 → X 1 and g ∶ Y 0 → Y 1 , the pushout corner map
is a cofibration. If, in addition, either f or g is a weak equivalence then f ◻ g is a trivial cofibration.
Note that the pushout product axiom is equivalent to the statement that − ⊗ − is a Quillen bifunctor.
Remark 2.1.2. If M is cofibrantly generated, then Proposition 4.2.5 of [Hov99] shows that it is sufficient to check the pushout product axiom for f and g in the sets of generating (trivial) cofibrations.
The monoidal adjunction of M allows for an equivalent form of the pushout product axiom which we shall need (see Lemma 4.2.2 of [Hov99] ). is a fibration, where Hom is the internal hom. Additionally, if either i or p is a weak equivalence then so is (i * , p * ).
We will at times also need to assume an additional layer of compatibility between the monoidal structure and the model structure Definition 2.1.4. Let M be a monoidal model category. We say that cofibrant objects are flat in M if whenever an object X is cofibrant and f is a weak equivalence then f ⊗ X is a weak equivalence.
2.2. Semi-Model Categories. When attempting to study the homotopy theory of algebras over a colored operad, the usual method is to transfer a model structure from M to this category of algebras along the free-forgetful adjunction (using Kan's Lifting Theorem [Hir03] (11.3.2)). Unfortunately, it is often the case that one of the conditions for Kan's theorem cannot be checked fully, so that the resulting homotopical structure on the category of algebras is something less than a model category. This type of structure was first studied in [Hov98] and [Spi01] , and later in published sources such as [Fre10] and [Fre09] .
Definition 2.2.1. Assume there is an adjunction F ∶ M ⇄ D ∶ U where M is a cofibrantly generated model category, D is bicomplete, and U preserves small colimits.
We say that D is a semi-model category if D has three classes of morphisms called weak equivalences, fibrations, and cofibrations such that the following axioms are satisfied. A cofibrant object X means an object in D such that the map from the initial object of D to X is a cofibration in D. Likewise, a fibrant object is an object for which the map to the terminal object in D is a fibration in D.
(1) U preserves fibrations and trivial fibrations (= maps that are both weak equivalences and fibrations). In practice the weak equivalences (resp. fibrations) are morphisms f such that U( f ) is a weak equivalence (resp. fibration) in M, and the generating (trivial) cofibrations of D are maps of the form F(I) and F(J) where I and J are the generating (trivial) cofibrations of M.
Note that the only difference between a semi-model structure and a model structure is that one of the lifting properties and one of the factorization properties requires the domain of the map in question to be cofibrant. Because fibrant and cofibrant replacements are constructed via factorization, (4) of a semi-model category implies that every object has a cofibrant replacement and that cofibrant objects have fibrant replacements. So one could construct a fibrant replacement functor which first does cofibrant replacement and then does fibrant replacement. These functors behave as they would in the presence of a full model structure.
The primary theorem we shall use to prove that our categories of interest possess semi-model structures is Theorem 3.3 in [Fre10] . Observe that Fresse requires slightly more of his semi-model categories than we do of ours (his axiom (1) is stronger than ours). The following theorem guarantees existence of a semi-model structure in the sense of Fresse, and hence in our sense as well.
Theorem 2.2.2 (Semi-Model Category Existence Theorem). Assume that: (*) for any pushout
is a transfinite composition of pushouts of maps of the form F(h) where h is a cofibration in M) then U( f ) is a (trivial) cofibration in M whenever i is a (trivial) cofibration in M.

Then D forms a cofibrantly generated semi-model category and U ∶ D → M maps cofibrations with cofibrant domains to cofibrations.
COLORED OPERADS
In this section, we define colored operads as monoids with respect to a colored version of the circle product for operads.
3.1. Colors and Profiles. Here we recall from [YJ15] some notations regarding colors that are needed to talk about colored objects.
Definition 3.1.1 (Colored Objects). Fix a non-empty set C, whose elements are called colors.
(1) A C-profile is a finite sequence of elements in C, say,
with each c i ∈ C. If C is clear from the context, then we simply say profile. The empty C-profile is denoted ∅, which is not to be confused with the initial object in M. Write c = m for the length of a profile c. (2) An object in the product category ∏ C M = M C is called a C-colored object in M, and similarly for a map of C-colored objects. A typical C-colored object X is also written as {X a } with X a ∈ M for each color a ∈ C. (3) Suppose X ∈ M C and c ∈ C. Then X is said to be concentrated in the color c
(4) Suppose f ∶ X → Y ∈ M and c ∈ C. Then f is said to be concentrated in the color c if both X and Y are concentrated in the color c.
Next we define the colored version of a Σ-object, also known as a symmetric sequence.
Definition 3.1.2 (Colored Symmetric Sequences). Fix a non-empty set C.
(1) If a = (a 1 , . . . , a m ) and b are C-profiles, then a map (or left permutation)
This necessarily implies a = b = m. 
where there is one coproduct summand for each orbit [a] of a C-profile. By [a] ∈ Σ C we mean that [a] is an orbit in Σ C .
(4) Define the diagram category
whose objects are called C-colored symmetric sequences. By the decomposition (3.1.3), there is a decomposition
for the value of X at (c; d).
Remark 3.1.8. In the one-colored case (i.e., C = { * }), for each integer n ≥ 0, there is a unique C-profile of length n, usually denoted by [n] . We have Σ [n] = Σ n , the symmetric group Σ n regarded as a one-object groupoid. So we have
In other words, one-colored symmetric sequences are symmetric sequences (also known as Σ-objects and collections) in the usual sense.
From now on, assume that C is a fixed non-empty set of colors, unless otherwise specified.
Remark 3.1.9. There is a fully faithful imbedding
that sends a C-colored object X = {X c } c∈C to the C-colored symmetric sequence with entries
where in the previous line the first (resp., second) ∅ denotes the initial object in M (resp., the empty profile).
3.2. Colored Circle Product. We will define C-colored operads as monoids with respect to the C-colored circle product. To define the latter, we need the following definition. 
where the first map is the diagonal map followed by the isomorphism
We will mainly use the construction ⊗ D when D is the finite connected groupoid
(1) Define the object
The left Kan extension in (3.2.4) is defined as
(2) By allowing left permutations of c in (3.2.4), we obtain
×Σ [c] with components
where the coproduct is indexed by all the orbits in Σ C , as d runs through C and [b] runs through all the orbits in Σ C . The construction ⊗ Σ [c] was defined in Definition 3.2.1.
Remark 3.2.7. In the one-colored case (i.e., C = { * }), the C-colored circle product is equivalent to the circle product of Σ-objects in [Rez96] (2.2.3). 
So we take the Kan extension to bump it up to a Σ op [b] -equivariant object. Furthermore, in the one-colored case, this Kan extension is the usual copower operation − ⋅ Σ k 1 ×⋯×Σ km Σ N , where N = k 1 + ⋯ + k m . The image of an object X under this copower operation is, ignoring the Σ N -equivariance, a coproduct of copies of X, one for each element in the quotient Σ N (Σ k 1 × ⋯ × Σ km ). The general colored case behaves similarly, as we will explain shortly.
To explain Kan The copower operation − ⋅ Σ k 1 ×⋯×Σ km Σ N has the following colored analogue.
as having the valuẽ 
is commutative in Σ[a]. More explicitly, for each 1 ≤ j ≤ m and each color d ∈ C that appears in a j , say k times, the images of these k copies of d's in a have the same order as they do in a j . When restricted to these k copies of d's, τ permutes them in a certain way. The permutation π j permutes the k copies of d's in a j exactly as τ does. The map π is defined as
j }, which is order-preserving by construction. Then we define the structure map
by sending the copy of X (a 1 ; . . . ; a m ) inX(a) corresponding to σ to the copy of X (a 1 ; . . . ; a m ) inX(b) corresponding to π via the structure map 
as the left Kan extension in:
o o to the forgetful functor. So we must show thatX has the universal property of the left adjoint.
The desired unique extensionf
is defined as follows. 
Thatf is a map in M Σ [a] follows from the following commutative diagram, in which we use the notations from Definition 3.2.11:
The right square is commutative because the square (3.2.13) is commutative. The uniqueness off follows from the requirement that it extends f and that it is Σ[a]-equivariant.
So the upshot is that the Kan extension appearing in the C-colored circle product is given by the formulas in Definition 3.2.11.
The following observation will be used to show that the C-colored circle product is associative. [c]
×Σ [c] .
Proof. Denote by W the right side of (3.2.17)
The isomorphism * follows from the fact that a map out of each of the two objects under consideration is equivalent to a map out of the other object in M Proof. The ○-unit is the C-colored symmetric sequence I with entries
×{d} there are isomorphisms:
Colored Operads as Monoids.
Definition 3.3.1. For a non-empty set C of colors, denote by
Remark 3.3.2. The Σ in the notation Operad Σ C is supposed to remind the reader that our colored operads have equivariant structures. In the literature, a C-colored operad is sometimes called a symmetric multi-category with object set C. Remark 3.3.3. Unpacking Definition 3.3.1, a C-colored operad is equivalent to a triple (O, γ, 1) consisting of:
for each color c ∈ C, and
The triple (O, γ, 1) is required to satisfy some associativity, unity, and equivariance axioms, the details of which can be found in [YJ15] (11.14). The detailed axioms in the one-colored case can also be found in [May97] . This way of expressing a C-colored operad is close to the way an operad was defined in [May72] . There are other equivalent ways to formulate the definition of a C-colored operad.
Intuitively, one should think of the component O The operadic composition γ corresponds to the 2-level tree:
Here f must have non-empty inputs (i.e., m ≥ 1), but each k i may be 0. In particular, the inputs of this 2-level tree are the concatenation of the lists b
Associativity of the operadic composition takes the form of a 3-level tree. The c-colored unit map corresponds to the tree ↑ c with no vertices. Detailed discussion of graphs, and in particular trees, related to operads can be found in [YJ15] (Part I). Using such trees, it is possible to show that a C-colored operad is exactly an algebra over a certain monad associated to the pasting scheme of unital trees [YJ15] (11.16). There is also a description of C-colored operads based on certain ○ i -operations.
Remark 3.3.5. In the one-colored case (i.e., C = { * }), write Operad Σ for Operad Σ C , whose objects are called 1-colored operads. In this case we write O(n) for the
is the orbit of the { * }-profile consisting of n copies of * (this orbit has only one object). Our notion of a 1-colored operad agrees with the notion of an operad in, e.g., [May97] and [Har10b] . Note that even for 1-colored operads, our definition is slightly more general than the one in [MSS02] (II.1.2) because ours has the 0-component O(0), corresponding to the empty { * }-profile. In general the purpose of the 0-component (whether in the one-colored or the general colored cases) is to encode units in O-algebras, e.g., units in associative algebras. Also note that in [May72] , where an operad was first defined in the topological setting, the 0-component was required to be a point.
Definition 3.3.6. Suppose n ≥ 0. A C-colored symmetric sequence X is said to be concentrated in arity n if
(1) A C-colored symmetric sequence concentrated in arity 0 is precisely a C-colored object via the fully faithful imbedding in Remark 3.1.9. In the C-colored circle product X ○ Y (3.2.6), if Y is concentrated in arity 0, then so is X ○ Y because, by (3.2.4),
defines a monad [Mac98] (VI.1) whose monadic multiplication and unit are induced by the multiplication O ○ O → O and the unit I → O, respectively. (2) A C-colored operad concentrated in arity 1 is also called a ring with several objects. Note that a C-colored operad O concentrated in arity 1 is exactly a small category with object set C enriched in M. In this case, the non-trivial operadic compositions correspond to the categorical compositions. Restricting further to the 1-colored case (C = { * }), a 1-colored operad concentrated in arity 1 is precisely a monoid in M.
ALGEBRAS OVER COLORED OPERADS
In this section, we define algebras over a colored operad and study their categorical properties. The main result of this section is the filtration in (4.3.20) for the pushout of an O-algebra against a free map. This filtration is a key component in establishing the desired (semi-)model structures on the category of O-algebras.
As before (M, ⊗, I, Hom) is a symmetric monoidal closed category with all small limits and colimits. A model structure on M is not needed yet.
4.1. Definition and Examples. Fix a non-empty set C of colors.
Definition 4.1.1. Suppose O is a C-colored operad. The category of algebras over the monad [Mac98] 
There are several equivalent ways to formulate the definition of an O-algebra. To describe it more explicitly using the C-colored circle product, we use the following construction. 
So the d-colored entry of the structure map µ consists of maps
here means that we can unpack µ further into maps
for all d ∈ C and all objects c ∈ Σ C . Then an O-algebra is equivalent to a C-colored object A together with structure maps (4.1.7) that are associative, unital, and equivariant in an appropriate sense, the details of which can be found in [YJ15] (13.37).
The detailed axioms in the 1-colored case can also be found in [May97] . Note that when c = ∅, the map (4.1.7) takes the form
In practice this 0-component of the structure map gives A the structure of d-colored units. For example, in a unital associative algebra, the unit arises from the 0-component of the structure map.
Some examples of colored operads and their algebras follow.
Example 4.1.9 (Initial and Terminal Colored Operads). Suppose C is a non-empty set of colors.
(1) The initial C-colored operad is the object I in (3.2.19), whose c-colored unit is the identity map for each color c ∈ C. Its operadic composition is given by the isomorphism I ⊗ I ≅ I. (2) The terminal C-colored operad is the object in which every entry is the terminal object * in M.
Example 4.1.10 (Free Operadic Algebras). Suppose O is a C-colored operad.
(1) There is an adjoint pair
in which the right adjoint is the forgetful functor. So for a C-colored object A, the object O ○ A has the canonical structure of an O-algebra, called the free O-algebra of A. In particular, free O-algebras always exist. (2) The initial object ∅ in M C consists of the initial object in M in each entry. Since O ○ − is a left adjoint, it preserves colimits and, in particular, the initial object. So the image O ○ ∅ is the initial O-algebra, denoted ∅ O . It follows from (4.1.6) that, for each color
Its O-algebra structure map, in the form (4.1.7), 
The colored operad Op
C is the entry-wise image of Op C Set under this strong symmetric monoidal functor. Therefore, if M has a model structure in which I is cofibrant, then Op C is entry-wise cofibrant. In fact, when I is cofibrant, a careful inspection of 
Two colors are needed for such pairs because one color is needed for each of A and M. The 2-colored operad AsMod can be described as a quotient of a free 2-colored operad, the details of which can be found in [FMY09] (2.11).
Limits and Colimits of Colored Operadic Algebras.
Recall the free-forgetful adjoint pair
in (4.1.11) for a C-colored operad. .1) . In each color, the left adjoint O ○ − is a coproduct of coinvariants (over finite connected groupoids) of finite tensor products (4.1.6). This implies that Alg(O) has filtered colimits and reflexive coequalizers, which are preserved and created by the forgetful functor. A general colimit in Alg(O) can then be constructed as a reflexive coequalizer using a well-known procedure, used in, e.g., [Rez96] (1) Define the diagram
as having the objects
as having the objects 
This construction will be used below for a C-colored operad. Similarly,
as the reflexive coequalizer of the diagram 
) has the following entries. For each color d ∈ C, there is a natural isomorphism
Proof. Since O ○ − is a left adjoint, it sends a coproduct in M C to a coproduct in Alg(O). Using this fact, we first compute the d-colored entry of 
Since A is an algebra over the monad O ○ −, it is isomorphic to the reflexive coequalizer
by [Bor94] (4.3.3). So there is an isomorphism
, where the last reflexive coequalizer can be computed color-wise in M by Proposition 4.2.1. Now restrict to a typical d-colored entry using (4.3.10), (4.3.11), and the definition of O A (4.3.6) to obtain the desired isomorphism (4.3.9).
(4.3.14) for 0 ≤ q ≤ t as follows.
• Q
q .
(4.3.15)
Here each coproduct is taken over all orbits
The lower left Kan extension is given by
left Kan extension
and similarly for the other Kan extension. 
∈ M
Σ t is given as follows.
[tc] 0 = X ⊗t .
• For 0 < q < m there is a pushout in M Σ t :
(4.3.17)
In other words, when the map i is concentrated in one color c ∈ C, our Qconstruction (4.3.14) reduces to the one-colored Q-construction in [Har10b] (7.10). Therefore, to simplify the notations, in this case we will write
When M is a cofibrantly generated model category, each generating (acyclic) cofibration in M C is concentrated in one color. The current remark will then allow us to analyze (4.3.17) instead of (4.3.15). The map i * above will also be denoted by i ◻q below to emphasize the index q.
The following observation is the colored analogue of [Har10b] (7.12).
is a pushout in Alg(O). Then there is a natural isomorphism
in M C such that the following statements hold.
• A 0 = A.
• For each color d ∈ C and t ≥ 1, the d-colored entry of A t is inductively defined as the pushout in M:
(4.3.21)
Here f t−1 * is the composition induced by f ∶ X → A ∈ M C , ξ l , and j l for l ≤ t − 1: 
This situation arises as follows. Suppose M is a cofibrantly generated model category. Then so is the Cartesian product M C , in which each generating (trivial) cofibration is concentrated in one color and is a generating (trivial) cofibration of M there. (1) Note that the pushout 
• B 0 = A (by (4.3.7) and (4.3.12)).
• For each color d ∈ C and t ≥ 1, there is a pushout in M:
The reason is that by Proposition 4.3.8, for each color d ∈ C, we have
Instead of writing it as a coproduct over all t ≥ 0, we may also write it using the pushouts over ∅ above. Note that the lower left corners in the pushout squares (4.3.21) and (4.3.27) are the same, namely,
Furthermore, there is a compatible sequence of maps from the pushout square (4.3.27) to the pushout square (4.3.21) for t ≥ 1 that is the identity map in the lower left corners (4.3.28). This determines a map 
We want to show that ϕ factors through π uniquely, i.e., that there is a unique map ψ ∶ colim k A k → W as in
To define the map ψ, it suffices to define a compatible sequence of maps
commutes for each k ≥ 0. Since B 0 = A = A 0 , we are forced to define
Inductively, suppose we have defined compatible maps ψ k for k < t. To define ψ t , it is enough to define it in the typical d-colored entry. The
in M is commutative by (4.3.22), (4.3.30), and (4.3.31). By the universal property of the pushout, there is a unique induced map
such that
To see that
note that there is an isomorphism
for each t ≥ 1. The restrictions of ϕ t and ψ t π t to (B t−1 ) d coincide by the inductive construction of ψ t . So it is enough to see that their precompositions with ζ t coincide as well. This holds by the second equality in (4.3.32) and ξ t = π t ζ t . This defines the map ψ. By construction we have ϕ = ψπ. The uniqueness of ψ follows from the pushout definition of the A t (4.3.21).
MORE PROPERTIES OF O A
For now (M, ⊗, I, Hom) is still a symmetric monoidal closed category with all small limits and colimits. This section contains some technical results that we will need to equip the category of algebras over a colored operad with a model structure or at least a semi-model structure. 
Proof. Proposition 4.3.8 with A = ∅ gives the isomorphism
Since this holds for all Y ∈ M C , the formula (4.1.6) for (O ○ Y) d implies the desired isomorphism.
Next we observe that we can also recover A from O A by taking the 0-components.
Proposition 5.1.3. Suppose O is a C-colored operad, A ∈ Alg(O), and d ∈ C. Then there is a natural isomorphism
O A d ∅ ≅ A d in M.
Proof. By Definition 4.3.5 O
(5.1.4) But as mentioned in (4.3.12), A ∈ Alg(O) is naturally isomorphism to the reflexive coequalizer of the diagram 
Then there is a natural isomorphism
×{d} .
Proof. Suppose Z ∈ M C . We will compute each entry of
in two different ways and compare them. Using (4.3.9) with A and Y replaced by A ∐(O ○ Y) and Z, respectively, there is an isomorphism
On the other hand, there are isomorphisms:
(5.2.4) Since (5.2.3) and (5.2.4) hold for all Z ∈ M C , the desired isomorphism (5.2.2) follows.
Corollary 5.2.5. Suppose O is a C-colored operad, Y ∈ M C , d ∈ C, and [c] ∈ Σ C . Then there is a natural isomorphism
Proof. This follows from the isomorphism (5.2.2) with A = ∅ (the initial O-algebra) and the isomorphism O ≅ O ∅ in SymSeq C (M) (5.1.2). 
×{d} preserves reflexive coequalizers and filtered colimits.
Proof. This follows from Proposition 4.2.1 (that reflexive coequalizers and filtered colimits in Alg(O) can be computed color-wise in M), the definition (4.3.7) (of
[c] in terms of a reflexive coequalizer of coproducts of coinvariants over finite connected groupoids of finite tensor products), and the formula (4.1.6) (of each color of O ○ A as a coproduct of coinvariants over finite connected groupoids of finite tensor products).
The next observation is the colored analogue of [HH13] (5.36) that we will need to use later.
Proposition 5.3.2. Suppose O is a C-colored operad, A ∈ Alg(O), i ∶ X → Y ∈ M
C , and
×{d} is isomorphic to a countable sequential colimit
in which
×{d} ;
• j t for t ≥ 1 are defined inductively as pushouts
×{d} . 
is the reflexive coequalizer of the diagram
. This decomposition also applies to
. Therefore, the reflexive coequalizer Z of (5.3.7) is characterized by the following universal properties: The rest of the proof is about checking that the sequential colimit (5.3.4) has the above universal properties of Z. This argument is very similar to the proof of Proposition 4.3.18, so we will omit the details. 
×{d} . This happens, for example, when i is a generating (trivial) cofibration in M C .
5.4. Homotopical Analysis of Pushouts. Now we assume further that M is a monoidal model category in the sense of [SS00] (3.1). This subsumes the assumption that M is symmetric monoidal closed with all small limits and colimits. The extra assumption is that M is a model category satisfying the pushout product axiom.
In particular, we are not assuming the unit axiom, which is fine as long as we work at the model category level rather than on the level of homotopy categories.
We will need the following fact about diagram categories indexed by groupoids. It is the groupoid version of [BM06] (2.5.1, second part).
on the set G(h; k) induced by composition in G. As is true for any group action on a set, there are natural isomorphisms
of H(h; h)-sets, where the coproducts are indexed by the set of H(h; h)-orbits in G(h; k). The isomorphism H(h; h) ≅ H(h; k) of H(h; h)-sets follows from the assumption that H is connected. Indeed, since H is connected, we may pick an isomorphism f ∶ h → k ∈ H. Then the above isomorphism is given by g → f g for g ∈ H(h; h). Going in the other direction, the isomorphism is given by g → f −1 g for g ∈ H(h; k).
The cardinality of the set G(h; k) H(h; h) of orbits is independent of the object k ∈ Ob(H) because G is connected. In particular, it has the same cardinality as the set G(h; h) H(h; h) of orbits. It follows that there is an isomorphism
The following observation, which we will use later, is inspired by [HH13] (5.44). It says that O (−) has nice cofibrancy properties.
is a pushout in Alg(O). Suppose :
×{d} is cofibrant.
Then the map j
Proof. Suppose i is a cofibration in M C ; the case when it is a trivial cofibration is proved similarly.
First observe that we may reduce to the case where i is concentrated in a single color. Indeed, M C is a cofibrantly generated model category, in which each generating cofibration is concentrated in one color [Hir03] (11.1.10). So the cofibration i is a retract of an I-cell complex, where I is the set of generating cofibrations in M C . A retract and transfinite induction argument implies that, if the assertion is true for i ∈ I, then it is true for all cofibrations in M C . Therefore, we may assume that i is concentrated in one color b ∈ C such that the b-colored entry of i is a cofibration in M.
We use the filtration (5.3.4) of j * . Since i is concentrated in a single color b, the map j * is the countable composition of the j t for t ≥ 1 in the pushout (5.3.9). Since cofibrations are closed under pushouts and transfinite compositions [Hir03] (10.3.4), to show that j * is a cofibration, it is enough to show that the left vertical
×{d} is a trivial fibration, i.e., an entry-wise trivial fibration in M [Hir03] (11.6.1). Then the lifting problem
×{d} admits a dotted filler if and only if the adjoint lifting problem
×{d} admits a dotted lift. Since the object
is cofibrant by assumption, its restriction (Remark 4.3.4)
is also cofibrant by Lemma 5.4.1. Therefore, it suffices to show that the right vertical
×{d} , i.e., an entry-wise trivial fibration in M. The iterated pushout product i ◻t is a cofibration in M by the pushout product axiom. Moreover, p is an entry-wise trivial fibration in M. So the pullback corner form of the pushout product axiom [Hov99] 
is a pushout in Alg(O). Suppose:
•
Then the underlying map of j ∈ M
C is also a (trivial) cofibration.
Proof. Suppose i is a cofibration; the case when it is a trivial cofibration is proved similarly.
Write I (resp., J) for the set of generating cofibrations (resp., generating trivial cofibrations) in M C . Each map in I ∐ J is concentrated in one color [Hir03] (11.1.10). Since M C is a cofibrantly generated model category with generating cofibrations I, the map i is a retract of a relative I-cell complex. The functor O ○ − ∶ M C → Alg(O) commutes with colimits (in particular, filtered colimits) because it is a left adjoint. Therefore, it is enough to consider the case where i ∈ I, or more generally a cofibration in M C concentrated in one color c ∈ C.
We now use the filtration (4.3.20) for the underlying map of j ∈ M C . Since cofibrations are closed under transfinite compositions [Hir03] (10.3.4) , it suffices to show that each j t for t ≥ 1 is an entry-wise cofibration. Since i ∈ M C is concentrated in one color c ∈ C, for each color d ∈ C, the d-colored entry of j t is given by the pushout (4.3.24). So it is enough to show that the left vertical map id ⊗ Σ t i ◻t there is a cofibration, where the identity map is for O A 
it is enough to show that the pushout product By the cofibrancy assumption on O ∈ SymSeq C (M) and the isomorphism (5.1.2), it is enough to show that the map 
MODEL STRUCTURES ON ALGEBRAS OVER COLORED OPERADS
In this section we will find conditions on a monoidal model category M and/or a colored operad O so that O-algebras inherit a (semi-)model structure from M. For a monad T, the category of T-algebras is said to inherit a model structure from M if the weak equivalences (resp. fibrations) of T-algebras are maps that are weak equivalences (resp. fibrations) in M. We refer to this as the projective (semi-)model structure.
In each of the following three subsections we make use of the filtration of the preceding sections. In 6.1 we extend a result from [Har10b] to the colored setting and prove that if M satisfies strong cofibrancy hypotheses (e.g. if M is chain complexes over a field of characteristic zero) then all operads are admissible, i.e., the category of algebras inherits a projective model structure. In 6.2 we extend a result from [Whi14c] to the case of colored operads, and prove that one can distribute this "cofibrancy price" between the operad and the model category so that the category of algebras over an entrywise cofibrant colored operad inherits a projective semimodel structure with minimal hypotheses on M. Lastly, in 6.3 we recover the fact (proven in the appendix of [GRSO] ) that algebras over colored operads which are cofibrant in SymSeq C (M) inherit projective semi-model structures. This is to say, for sufficiently cofibrant colored operads, almost no hypotheses are needed on M in order to have a good homotopy theory of operad-algebras. In all three settings we include results proving that cofibrations of algebras with cofibrant source forget to cofibrations in M.
6.1. All Colored Operads. The following result says that, under a suitable cofibrancy assumption on M, every colored operad is admissible. For ease of exposition we have chosen to assume that the domains of the generating (trivial) cofibrations of our model category are small (such model categories are called strongly cofibrantly generated in [JY09] ). In fact, the following results could be proven with lesser smallness hypotheses, though the statements would be more technical. We leave this extension to the interested reader. Proof. We will use Kan's Lifting Theorem [Hir03] (11.3.2) on the adjunction
in (4.1.11). The Cartesian product M C is also strongly cofibrantly generated by [Hir03] (11.1.10), in which each generating (trivial) cofibration is concentrated in one color and is a generating (trivial) cofibration of M there. Let us now check the conditions in [Hir03] (11.3.2).
(1) The category Alg(O) has all small limits and colimits by Proposition 4.2.1. (2) Since the forgetful functor Alg(O) → M C preserves filtered colimits (by Proposition 4.2.1) and since the domains in I and J are small (= the strongly assumption), the domains of O ○ I and O ○ J are also small. So O ○ I and O ○ J permit the small object argument. This checks [Hir03] 11.3.2(1). (3) Finally, we need to check that every relative (O ○ J)-cell complex is an underlying weak equivalence in M C (i.e., an entry-wise weak equivalence). We will prove slightly more. We claim that every relative (O ○ J)-cell complex is an underlying trivial cofibration in M C . Since the model structure on M C is defined entry-wise [Hov99] (1.1.6) and since trivial cofibrations are closed under transfinite compositions [Hir03] (10.3.4), it is enough to consider a single pushout
In particular, i is concentrated in a single color and is a generating trivial cofibration of M there. We must show that j is entry-wise trivial cofibration in M. By the filtration (4.3.20), it suffices to show that each map
is a trivial cofibration in M for each color d ∈ C and t ≥ 1. Since i ∈ J is concentrated in a single color, by the pushout (4.3.24), it is enough to show that id ⊗ Σ t i ◻t is a trivial cofibration in M. By our hypothesis (♠), it is now enough to observe that i is a trivial cofibration in M.
All the conditions in [Hir03] (11.3.2) have now been checked. Remark 6.1.2. In the special case of 1-colored operads (i.e., when C = { * }), Theorem 6.1.1 is a slight improvement of (the algebra part of) [Har10b] (Theorem 1.4), which assumes that every symmetric sequence is cofibrant. Indeed, when every symmetric sequence is cofibrant, the condition (♠) follows from the pushout product axiom.
Remark 6.1.3. In the one-colored case, Theorem 6.1.1 first appeared in [Whi14c] . A result similar to 6.1.1 (which also holds for colored operads) has recently appeared in the preprint [PS14] . However, these two results have different hypotheses. In [PS14] , the authors require more than (♠) in that they require preservation of cofibrations as well as trivial cofibrations (and additionally, they require M to be combinatorial), but they require less than (♠) in that maps of the form X ⊗ Σn i ◻n are only required to be so-called i-cofibrations, which is slightly weaker than being a cofibration. The proofs in [PS14] are different from our proofs, though both build on [Har10b] . Our proof allows for more general results in 6.2 and 6.3 that remove or weaken the hypothesis (♠) (and so hold for a wider class of model categories) and that result in semi-model structures on categories of algebras.
Example 6.1.4. Theorem 6.1.1 applies to all the colored operads in section 4.1. For instance, by the isomorphism (4.1.14), for each non-empty set of colors C, the category Operad Σ C of C-colored operads in M inherits a cofibrantly generated model structure, where weak equivalences and fibrations are created entry-wise in M.
The next observation says that every O-algebra cofibration with a cofibrant domain (resp., every cofibrant O-algebra) is an underlying cofibration (resp., cofibrant object), provided that O is Σ-cofibrant. • Alg(O) inherits from M C a cofibrantly generated projective model structure (which holds, e.g., in the context of Theorem 6.1.1);
Then the following statements hold.
Proof. First consider part (1). Write I for the set of generating cofibrations in M C . By assumption the cofibration j is a retract of a relative (O ○ I)-cell complex. By a retract and transfinite induction argument, it is enough to prove that, given the pushout (5.4.4) with i ∈ I and A ∈ Alg(O) cofibrant, the map j ∈ M C is a cofibration. Proposition 5.4.3 says that this assertion is true whenever A is an (O ○ M C cof )-cell complex, which includes any (O ○ I)-cell complex. By a retract argument, this assertion is also true for retracts of (O ○ I)-cell complexes, i.e., cofibrant O-algebras, proving part (1).
. We want to show that the underlying object B ∈ M C is cofibrant. Since ∅ O , being the initial object, is a cofibrant O-algebra, part (1) implies that the underlying map ι ∈ M C is a cofibration. So it suffices to show that ∅ O ∈ M C is cofibrant, i.e., color-wise cofibrant in M. Proof. If f ∈ M is a cofibration, then Lurie's commutative monoid axiom says that ( 
Proof. Consider the first assertion. Since entrywise cofibrations are closed under retracts and transfinite compositions, by a retract and transfinite induction argument, we may assume that j is a pushout
Here we are regarding i as a map of C-colored objects, both concentrated at the same single color. We want to show that
is a cofibration in M for each d ∈ C and each C-profile c.
By Proposition 5.3.2 the map O
c is a countable composite of maps
where O A (⋮) is an entry of O A , and i ◻t is the t-fold iterated pushout product of
Since cofibrations are closed under countable compositions, it suffices to show that each j t is a cofibration in M. As pushouts of cofibrations are cofibrations, this reduces to proving O A (⋮) ⊗ Σ t i ◻t is a cofibration in M. This last condition holds by (♣) cof , the fact that i is a cofibration in M, and the hypothesis that O A is entrywise cofibrant. This proves the first assertion. 
is a (trivial) cofibration, regarded as a map concentrated at a single color, and
Then the underlying map of j is entrywise a (trivial) cofibration.
Proof. Cofibrations (resp., trivial cofibrations) are closed under pushouts and transfinite compositions. So by the filtration (4.3.24) , it is enough to show that the map
◻t preserves (trivial) cofibrations. Since i is a (trivial) cofibration, this finishes the proof.
Proof of Theorem 6.2.3. We will employ the semi-model structure existence result [Fre10] (2.2.2) to the free-forgetful adjunction
Let us now check the conditions needed to apply Theorem 2.2.2. Write ∅ O for the initial O-algebra. For statement (2), suppose B ∈ Alg(O) is cofibrant, so ι ∶ ∅ O → B is a cofibration in Alg(O). We want to show that the underlying object of B is entrywise cofibrant. Since ∅ O , being the initial object, is a cofibrant O-algebra, statement (1) implies that the underlying map of ι is entrywise a cofibration. So it suffices to show that ∅ O is entrywise cofibrant. This is true because
∅ , which is cofibrant by assumption.
Remark 6.2.6. The proof method of this theorem demonstrates that the precise hypothesis required in order to obtain a semi-model structure on Alg(O) using the filtration of Section 4 is that for all O-algebras A and all generating trivial cofibrations i of M, the maps O A (n) ⊗ Σn i ◻n are all trivial cofibrations for all n ≥ 1. In the case of operads, this hypothesis was introduced in [Whi14c] as the O-algebra axiom.
In this paper we have preferred to work with (♠) and (♣) because they are easier to check in practice, due to the complexity of the formulas for O A .
6.3. Σ-Cofibrant Colored Operads. The next result says that, if we do not impose any extra cofibrancy condition, such as (♠) or (♣), on M, then Σ-cofibrant colored operads are semi-admissible in the sense that the category of algebras admits a suitable semi-model structure. 
Proof. We will employ the semi-model structure existence result [Fre10] (2.2.2) to the adjunction
in (4.1.11), where M C is a cofibrantly generated model category [Hir03] (11.1.10). Let us now check the conditions needed to apply Theorem 2.2.2. All the conditions in Theorem 2.2.2 have now been checked, so we have proved all the assertions except for the last one about cofibrant O-algebras being underlying cofibrant. This assertion is proved by exactly the same argument as in Proposition 6.1.5 (2).
PRESERVATION OF ALGEBRAS UNDER BOUSFIELD LOCALIZATION
In this section we provide an application of the (semi-)model structures of the previous section to the problem of preservation of algebraic structure under Bousfield localization. We will prove a general preservation result, Theorem 7.2.3, for algebras over a monad under Bousfield localization. Then we will use this preservation result and the (semi-)model category existence results from the previous section to obtain preservation result for algebras over a colored operad under Bousfield localization. 7.1. Bousfield Localization. Let us first remind the reader about the process of Bousfield localization as discussed in [Hir03] . This is a general machine that starts with a (nice) model category M and a set of morphisms C and produces a new model structure L C (M) on the same category in which maps in C are now weak equivalences. Roughly speaking, in going from M to L C (M), we keep the cofibrations the same and add more weak equivalences.
Furthermore, this is done in a universal way, introducing the smallest number of new weak equivalences possible. When we say Bousfield localization we will always mean left Bousfield localization. So the cofibrations in L C (M) will be the same as the cofibrations in M.
Bousfield localization proceeds by first constructing the fibrant objects of L C (M) and then constructing the weak equivalences. In both cases this is done via simplicial mapping spaces map(−, −). If M is a simplicial or topological model category then one can use the hom-object in sSet or Top. Otherwise a framing is required to construct the simplicial mapping space. We refer the reader to [Hov99] or [Hir03] for details on this process.
An object N is said to be C-local if it is fibrant in M and if for all g ∶ X → Y in C, the map
is a weak equivalence in sSet. These objects are precisely the fibrant objects in
is a weak equivalence. These maps are precisely the weak equivalences in L C (M). A C-local equivalence between C-local objects is a weak equivalence in M.
Remark 7.1.1. Throughout this paper we assume C is a set of cofibrations between cofibrant objects. This can always be guaranteed in the following way. For any map f , let Q f denote the cofibrant replacement, and letf denote the left factor in the cofibration-trivial fibration factorization of Q f . Thenf is a cofibration between cofibrant objects and we may defineC = {f f ∈ C}. Localization with respect toC yields the same result as localization with respect to C, so our assumption that the maps in C are cofibrations between cofibrant objects loses no generality.
We also assume everywhere that the model category L C (M) exists and is cofibrantly generated. This can be guaranteed by assuming M is left proper and either combinatorial (as discussed in [Bar10] ) or cellular (as discussed in [Hir03] ). A model category is left proper if pushouts of weak equivalences along cofibrations are again weak equivalences. We will make this a standing hypothesis on M. However, as we have not needed the cellularity or combinatoriality assumptions for our work we have decided not to assume them. In this way if a Bousfield localization is known to exist for some reason other than the theory in [Hir03] then our results will be applicable.
On the model category level the functor L C is the identity. So when we write L C as a functor we shall mean the composition of derived functors
and Q is a cofibrant replacement in M.
Preservation of Monadic Algebras.
Note that every monad on M is also a monad on L C (M) because it has the same underlying category. If M is a monoidal category, then so is L C (M), and a colored operad on M is also a colored operad on
Definition 7.2.1. Assume that M and L C (M) are model categories, and T is a monad on M. Then L C is said to preserve T-algebras if the following two statements hold.
(1) When E is a T-algebra, there is some T-algebraẼ which is weakly equivalent in M to L C (E). Remark 7.2.2. The notion of preservation was also considered in [CGMV] , but only for cofibrant E. A more general notion of preservation was considered in [CRT14] in the setting of homotopical categories and general monads, but because of the generality the conditions for preservation presented in [CRT14] are different from ours. When [CRT14] specializes to operads, only simplicial operads are considered.
We are now ready to state our general preservation result. This is a generalization of Theorem 3.2 and Corollary 3.4 of [Whi14b] from the setting of operads to the setting of monads. 
, and let Q T denote cofibrant replacement in Alg M (T). Due to the fact that Alg L C (M) (T) is only a semi-model category, we shall only apply R C,T to objects which are cofibrant in Alg L C (M) (T). We will prove the first form of preservation and our method of proof will allow us to deduce the second form of preservation in the special case where E is a cofibrant T-algebra.
In our proof,Ẽ will be R C,T Q T (E). Because Q is the left derived functor of the identity adjunction between M and L C (M), and R C is the right derived functor of the identity, we know that
The map Q T E → E is a trivial fibration in Alg M (T), hence in M by the definition of the projective semi-model structure. The map QE → E is also a weak equivalence in M. Consider the following lifting diagram in M:
The lifting axiom gives the dotted map QE → Q T E, and it is necessarily a weak equivalence in M by the 2-out-of-3 property.
Since Q T E is a T-algebra in M it must also be a T-algebra in L C (M). We may therefore construct the following lift in L C (M):
In this diagram the left vertical map is a weak equivalence in L C (M), and the top horizontal map is a weak equivalence in Alg L C (M) (T). Because the model category Alg L C (M) (T) inherits weak equivalences from L C (M), the top horizontal map is a weak equivalence in L C (M). Therefore, by the 2-out-of-3 property, the dotted lift is a weak equivalence in L C (M). We make use of this map as the horizontal map in the lower right corner of the diagram below.
The top horizontal map QE → Q T E in the following diagram is the first map we constructed in (7.2.4), which was proven to be a weak equivalence in M. The square in the diagram below is then obtained by applying R C to that map. In particular, R C QE → R C Q T E is a weak equivalence in L C (M):
We have shown that both of the bottom horizontal maps are weak equivalences in L C (M). Thus, by the 2-out-of-3 property, their composite R C QE → R C,T Q T E is a weak equivalence in L C (M). All the objects in the bottom row are fibrant in L C (M), so these C-local equivalences are actually weak equivalences in M.
As E was a T-algebra and Q T and R C,T are endofunctors on categories of Talgebras, it is clear that R C,T Q T E is a T-algebra. We have just shown that L C (E) is weakly equivalent to this T-algebra in M, so we are done.
We turn now to the case where E is assumed to be a cofibrant T-algebra. We have seen that there is an M-weak equivalence R C QE → R C,T Q T E, and above we took R C,T Q T E in M as our representative for L C (E) in Ho(M). Because E is a cofibrant T-algebra, the fibrant replacement R C,T E exists in Alg L C (M) (T). Furthermore, there are weak equivalences E ⇆ Q T (E) in Alg L C (M) (T) because all cofibrant replacements of a given object are weakly equivalent, e.g. by diagram (7.2.4). So passage to Q T (E) is unnecessary when E is cofibrant, and we take R C,T E as our representative for L C (E). We may then lift the localization map E → L C (E) in Ho(M) to the fibrant replacement map E → R C,T E in M. As this fibrant replacement is taken in Alg L C (M) (T), this map is a T-algebra homomorphism, as desired. Naturality follows from the functoriality of fibrant replacement. 7.3. Monoidal Bousfield Localization. Shortly, we will apply this theorem to monads T arising from the free O-algebra functor for C-colored operads O in M. However, to use the existence results from the previous section, we first need a way to check the hypothesis that L C (M) is a monoidal model category. Recall that we always assume that L C (M) exists and is a cofibrantly generated model category. So what we need is a checkable condition for when L C (M) satisfies the pushout product axiom. Such a condition is given in the following definition taken from [Whi14b] . Definition 7.3.1. A Bousfield localization L C is said to be a monoidal Bousfield localization if L C (M) satisfies the pushout product axiom, the unit axiom (i.e., for any cofibrant X, the map QI ⊗ X → I ⊗ X ≅ X is a weak equivalence), and the axiom that cofibrant objects are flat.
The following theorem, which will not be used below, is proven in Theorem 4.6 in [Whi14b] . It gives a checkable condition for a monoidal Bousfield localization, in particular the pushout product axiom in L C (M). Although we will not use it in this paper, it is stated here to emphasize that being a monoidal Bousfield localization is indeed checkable in practice. If we know in addition that the domains of the generating cofibrations in M are cofibrant then Theorem 4.5 in [Whi14b] proves that it is sufficient to check the condition above for K running through the domains and codomains of the generating cofibrations. Proof. We must verify the hypotheses of Theorem 7.2.3. First, we apply Theorem 6.3.1 to M to obtain a projective semi-model structure Alg M (O). Next, we use our assumption that L C (M) is a monoidal model category (which can be verified via Theorem 7.3.2 for example), to apply Theorem 6.3.1 to L C (M) and obtain a projective semi-model structure Alg L C (M) (O). Note that O is also a C-colored operad in L C (M) that is cofibrant as a C-colored symmetric sequence in L C (M). The reason is that, first of all, the generating cofibrations in M ×{d} is cofibrant.
Finally, Theorem 7.2.3 applied to the free O-algebra monad now completes the proof.
Similarly, we can combine Theorem 7.2.3 and Theorem 6.1.1 or Theorem 6.2.3 to prove preservation results for colored operads that are not cofibrant in SymSeq C (M). At this moment, we do not have easy-to-check conditions on L C or M to guarantee that (♠) or (♣) are satisfied by L C (M). Even for the case of the commutative monoid operad, finding such a condition was difficult work in [Whi14b] . We hope to return to this problem in the future. For the moment, we still have preservation results if we assume (♠) or (♣) on both M and L C (M). Remark 7.4.4. The introduction to this paper identifies many applications of (semi-)model structures on algebras over colored operads. We hope that the work in this paper will be useful to researchers studying these and other applications of colored operads. In particular, the first author hopes to apply the results in this paperboth the existence of these (semi-)model structures and their relationship to left Bousfield localization-to situations arising in equivariant stable homotopy theory and to ongoing joint work with Michael Batanin on the intersection between the homotopy theory of colored operads and higher category theory.
In future work the authors hope to dualize Theorem 7.2.3 to a statement about right Bousfield localization and then to apply the (semi-)model structures to obtain results regarding preservation of algebras over colored operads under right Bousfield localization.
